We study vector bundles on flag varieties over algebraic closed field k. In the first part,
Introduction
It is classically known that every vector bundle on the projective line over arbitrary algebraic closed field k splits as a direct sum of line bundles. However, if the dimension of a projective space is bigger than or equal to two, the situation is pretty involved. So the splitting of vector bundles on higher dimensional projective spaces has long been a major concerning among the problems on vector bundles in algebraic geometry. For non-splitting vector bundles, we may obtain partial classification results after restricting to certain classes of vector bundles. One of the classes that has been studied more extensively is uniform vector bundles, namely those in which the splitting type is independent on the chosen line. The notion of the uniform vector bundle appears first in a paper of Schwarzenberger [21] . When the characteristic of k is 0, lots of works are about classification of such bundles. In 1972, Van de Ven [5] proved that the uniform 2-bundles over P n k (n > 2) split and the uniform 2-bundles over P 2 k are precisely the bundles O P 2 k (a) O P 2 k (b) and T P 2 k (a) (or its dual), where a, b ∈ Z. In 1976, Sato [20] proved that the uniform r-bundles over P n k split for 2 < r < n by using a theorem of Tango [22] about holomorphic mappings from projective spaces to Grassmannians. In 1978, Elencwajg [7] extended the investigations of Van de Ven to show that uniform vector bundles of rank 3 over P 2 k are of the forms (up to dual)
where a, b, c ∈ Z. Sato [20] had previously shown that uniform n-bundles over P n k for n odd are of the forms ⊕
where a i , b ∈ Z. So the results of Elencwajg and Sato yield a complete classification of uniform 3-bundles over P n k . In particular all uniform 3-bundles over P n k are homogeneous. Later, Elencwajg, Hirschowitz and Schneider [9] showed that Sato's result is also true for n even. Around 1982, Ellia [10] and Ballico [3] independently proved that the uniform (n + 1)-bundles (n ≥ 3) over P n k are of the forms
where a i , a, b, c, d ∈ Z. One can go over the good reference by Okonek, Schneider and Spindler [19] for the relative topics. Later, similar results have been extensively studied for uniform vector bundles on other nonsingular projective manifolds swept out by lines like quadrics [2, 13] , Grassmannians [11] and special Fano manifolds [17] . When the characteristic of k is positive, the uniform r-bundles over P n k split for 2 ≤ r < n by Sato's result [20] . The classification problem of uniform n-bundles on P n k has been solved by Lange [15] for n = 2 and Ein [6] for all n. It seems that the classification of uniform vector bundles over other projective manifolds covered by lines over positive characteristic is open. In the first part of the paper, we consider uniform vector bundles on Grassmannians over positive characteristic and prove the following main theorem.
, where k is an algebraic closed field of characteristic p > 0. Let E be a uniform vector bundle on G of rank r ≤ d.
• If r < d, then E is a direct sum of line bundles.
• If r = d, then E is a direct sum of line bundles unless it is a twist of either the pull back of the universal bundle H d or its dual H ∨ d under the m-th absolute Frobenius morphism (m is a nonnegative integer). Remark 1.2. The first part of the theorem holds for any algebraic closed field. The result over characteristic 0 is due to Guyot [11] . We generalize the method of Elenwajg-HirschowitzSchneider [9] , by which the authors considered the case over projective spaces, to deal with Grassmannians over any algebraic closed field. For the second part of the theorem, we mainly use Ein's [6] idea for projective spaces and Katz's [14] key lemma for studying vector bundles in positive characteristic.
In the second part of the paper, we consider vector bundles over flag varieties in characteristic
, · · · , n) be the i-th irreducible component of manifold of lines in F , where the characteristic of k is 0.
We separate our discussion into two cases: Case I:
Case II:
. Let E be a holomorphic r-bundle over F with generic splitting type a E = (a 1 , · · · , a r ), satisfying a 1 ≥ · · · ≥ a r with respect to F i . If for some t < r,
then there is a normal subsheaf K ⊂ E in E of rank t with the following property: over the open set V E = P (q −1 (U E )) ⊂ F , the sheaf K is a subbundle of E, which has the form
when it restricts on the line L ⊂ F given by l ∈ U E , where U E is an open set in F i .
Using above theorem, we generalize the Grauert-Mülich-Barth theorem (cf. [4] , Theorem 1) to flag varieties as follows. Corollary 1.4. Let E be a semistable r-bundle over F . For each i-th irreducible component
In particular, if the i-th irreducible component of manifold of lines in F has the form in Case I, then we have a ij 's are constant for all 1 ≤ j ≤ r. Definition 1.5. If there exists some i such that the splitting type of a vector bundle E is uniform for any line L ⊂ F i , then E is called uniform vector bundle with respect to F i . E is called strongly uniform on F if the splitting type of E is uniform for any line L ⊂ F . Corollary 1.6. If E is a strongly uniform semistable r-bundle over the complete flag variety F , then E splits as a direct sum of line bundles. In addition E|L ∼ = O L (a) r for any line L ⊂ F , where a ∈ Z.
Preliminaires
where k is an algebraic closed field. Of course we may also consider
Let V := G × V be the trivial vector bundle of rank n on G whose fiber at every point is the vector space V . Define the universal subbundle H d on G as the rank-d subbundle of V whose fiber at a point [Λ] ∈ G is the subspace Λ itself; that is,
We have the following two diagrams
Definition 2.3. Let X be a noetherian scheme in characteristic p and E be a locally free coherent sheaf on X. We define the associated projective space bundle P(E) as follows.
Definition 2.4. Let X be a scheme in characteristic p. We define the absolute Frobenius morphism of X to be F X : X → X such that F X = id X as a map of topological space and on each open set U ,
Definition 2.5. Let S be a scheme in characteristic p and X be an S-scheme. Consider the following diagram: X
is defined as the fibre product of X and S in the diagram. The induced map F X/S is called the Frobenius morphism of X relative to S. Remark 2.6. Let S be a noetherian scheme in characteristic p, E be a locally free coherent sheaf on S and
Definition 2.7. Define H i as the universal bundle on the complete
The natural morphism
is surjective and its kernel is the ideal generated by
] is the ring of polynomial in d + 1 variables with integral coefficients symmetrical in X 1 , · · · , X d−1 and A(F ) is the chow ring ofF . Lemma 2.9.
[11]
The Picard group ofF is generated by
and H Q n−d , and
Here c E (T ) :
is the chern polynomial of rank r-bundle E. Lemma 2.10.
The restriction of the relative cotangent bundle Ω F/G to every q-fibre
Lemma 2.11.
[14]
(Katz) Let X and Y be two varieties smooth over S, a noetherian scheme in characteristic p, and f be a S-morphism from X to Y . If the induced map on differentials, df : f * Ω Y /S → Ω X/S is the zero map, then f can be factored through the relative Frobenius morphism F X/S .
3 Uniform vector bundles of rank r(r<d) on G Proposition 3.1. Let E be a holomorphic vector bundle of rank r over G. Fix a point x ∈ G and assume
is corresponding to L) be the submanifold of lines through the point x (VMRT x means the variety of minimal rational tangents at x. We refer to [12] for a complete account on the VMRT). We know that
for all line L through x. Thus K is a vector bundle of rank r over G(x). The canonical homomorphism of sheaves
is an isomorphism.
Corollary 3.2. If E be a globally generated vector bundle of rank r on G with c 1 (E) = 0, then E is trivial.
Proof. Since E is globally generated, we have an exact sequence
Restrict this sequence to a line L ⊆ G and suppose
, where a i ≥ 0. If c 1 (E) = 0, then we must have a i = 0 for all i. Thus E is trivial on every line and hence trivial. Proof. We prove this theorem by induction on r. For r = 1, there is nothing to prove. Suppose the assertion is true for all uniform r ′ -bundles with 1 ≤ r ′ < r, r < d. If E is a uniform r-bundle, after twisting with an appropriate line bundle and dualizing if necessary, we can assume that E has the splitting type
Let's consider the standard diagram
is mapped isomorphically under P to the line L in G determined by l, and we have
For x ∈ G, the P -fibre over x,
is mapped isomorphically under q to the subvariety
of vector bundles, whose restriction to q-fibres L is as follows:
By Lemma 3.4 below, there are bundles K, Q over G with
K and Q are then necessarily uniform and we obtain by projecting the bundle sequence
onto G to get the exact sequence
Because K and Q are uniform, by the induction hypothesis,
It follows from the Kempf vanishing theorem that
Thus the exact sequence (3.2) splits and hence also E.
Lemma 3.4. There are bundles K, Q over G with K = P * K, Q = P * Q.
Proof. To prove the lemma, it suffices to show that K, Q are trivial on all P -fibres (the canonical morphism P * P * K → K, P * P * Q → Q are then isomorpism). Because Q ∨ is a subbundle of P * (E ∨ ), for every point x ∈ G, it provides a morphism
is constant. Let's consider ψ * H t and ψ * Q r−t (the pull back of universal bundle H t and universal quotient bundle Q r−t under ψ), which are vector bundles on P d−1 k . We have the exact sequence
Because r < d, this must imply
In particular
, we obtain that ϕ is constant. Thus Q are trivial on all P -fibres. Moreover K ∨ |P −1 (x) is globally generated and c 1 (
is trivial due to the chain connectedness by P d−1 k and Corollay 3.2, thus K|P −1 (x) is trivial.
Corollary 3.5. Let E be a uniform vector bundle on G and assume that E|M is a direct sum of line bundles for every projective subspace M of dimension d. Then E splits as a direct sum of line bundles.
Proof. We use the same notation in Theorem 3.3 to prove the corollary by induction on the rank of E. If we can write E as an extension of bundles, i.e. we have the exact sequence of vector bundles
where the rank of K and Q are smaller than the rank of E on G, such that
for every projective subspace M of dimension d. Thus by the induction hypothesis, K and Q split. It follows from the Kempf vanishing theorem that
Thus the above exact sequence splits and hence also E.
Arguments as in Proposition 3.3, to prove the existence of the above exact sequence, it suffices to show that the morphism
is constant for every x ∈ G . Given a projective subspace M of dimension d and a line L ∈ M , we take any point x ∈ L and denote by M ′ the subspace of VMRT x corresponding to the tangent directions to M at x. By the hypothesis, E|M is direct sum of line bundles, so
is constant. Since G covered by linear projective subspaces of dimension d and VMRT
is chain connected by linear subspaces of dimension d − 1, ϕ is constant for every x ∈ G.
Uniform vector bundles of rank d on G
Uniform vector bundle E can be characterized as follows [11] . Let (3.1) be the stardard diagram and L be a line in G, then E is uniform with
if and only if there is a filtration
, where E i is a holomorphic vector bundle of rank r i over
This filtration is the relative Harder-Narasimhan filtration of P * E. Since rank E = d ≤ n−d, by Whitney's formula and Lemma 2.8, we have
(4.1)
If a = 0 in the equality (4.1) and E can't split as a sum of line bundles, then by the assertion of M.Guyot [11] (Corollary 4.1.1), after twisting with an appropriate power of O G (1) and dualizing if necessary, we can assume E is of type (0, 0, · · · , 0, b), where (b < 0), then we can write
So we get
By lemma 2.9, we get P * E/HN
. Hence onF , we have the following exact sequence, 0 → HN
By the universal property of P(E), there is a unique G-morphism σ :F → P(E) such that
Let's consider the following diagram 
to F 1 , we get the exact sequence
Resricting the above exact sequence to a fiber of P 1 , P −1
, we see that
(1).
Hence we find P 1 * (HN
By restricting the induced map dσ :
any q-fibre L = q −1 (l) ⊂F , and by Lemma 2.10, we get 
In this case, by Remark 2.6, we haveF 
where
, and the pull back of the exact sequence (4.5) is the exact sequence (4.2). We also have the reduced map
By restricting the map to any q-fiber, we get
By lemma 2.11 of Katz, we may assume −b ≤ p m . On the other hand, we have
, we now have the following exact sequence
By restricting the exact sequence toF
, we get a exact sequence
As in case 1, we find P
If a = 0, the equation (4.1) implies that d = n − d. Suppose that E can't split as a sum of line bundles. After twisting with an appropriate power of O G (1) and dualizing if necessary, we can assume E is of type (0, 0, · · · , 0, β)(β < 0). By Proposition 4.2 below, we get
Proof. By the assertion of M.Guyot [11] (Lemma 4.2.3), if E can't split as a sum of line bundles, then there are two cases:
after tensoring E with a line bundle, we may assume
In the first case, we can write
By Lemma 2.9, we get P * E/HN
Hence onF , we have the following exact sequence, 0 → HN
According to the proof in the above theorem, we get E ∼ = F m * Q ∨ n−d . In the second case, we get
Therefore, we have proved Theorem 1.1 completely.
Vector bundles on flag varieties
, · · · , n) be the i-th irreducible component of manifold of lines in F . In this section, we suppose that the characteristic of k is 0.
Let E be a holomorphic r-bundle over F . According to the theorem of Grothendieck, there is, for every l ∈ F i , a r-tuple
. We give Z r the lexicographical ordering and denote
Definition 5.1. a iE is the generic splitting type of E with respect to F i , S iE = {l ∈ F i |a iE (l) > a iE } is the set of jump lines with respect to F i .
We can consider F i in the following two cases: Case I:
, then we have the following diagram
Lemma 5.3. (Descente Lemma [18] ) Let X, Y be manifolds over k, f : X → Y be a surjective holomorphic submersion with connected fibres and E be a holomorphic r-bundle over Y . Let K ⊂ f * E be a subbundle of rank t in f * E and Q = f * E/ K be its quotient. If
then K is the form K = f * K for some holomorphic subbundle K ⊂ E of rank t.
Then for the relative cotangent bundle T Fi/F in case 2, we have
Proof. Note that F i is determined by
Then we have the following diagram.
It is not hard to know that
be the tautological line bundle on F i associated to F i 1 (resp. F i 2), i.e.
On F i 1, we have the exact sequences
Hence over the open set q −1 (U E ), φ is a morphism of constant rank t and thus its image Imφ ⊂ E is over q −1 (U E ) a subbundle of rank t.
Denote Q ′ = E/Imφ and T (Q ′ ) to be the torsion subsheaf of Q ′ and
is a torsion-free sheaf, K is a normal subsheaf of rank t. Over the open set V E = q −1 (U E ) ⊂ F the sheaf K is a subbundle of E, which on the line L ⊂ F given by l ∈ U E has the form
If F i is in Case II, then we have the following diagram
For every point l ∈ U E , we have
. Then q * P * E is a cohorent sheaf over F i which is locally free over U E . The morphism φ :
given by the evaluation of the section of E|L. Thus the image of φ| L is the subbundle
Hence over the open set q −1 (U E ), φ is a morphism of constant rank t and thus its image Imφ ⊂ P * E is over q −1 (U E ) a subbundle of rank t.
Denote Q ′ = P * E/Imφ and T (Q ′ ) to be the torsion subsheaf of Q ′ and
is a torsion-free sheaf, K is a normal subsheaf of rank t, and outside the singularity set S( Q) of Q, the sheaf K is a subbundle of P * E, which on each
. X is open in F i and contains q −1 (U E ). We have the following commutative diagram
with a surjective holomorphic submersion f with connected fibres.
In order to apply the Descente-Lemma to the subbundle K|X ⊂ f * (E|Y ), we need to calculate Hom(T X/Y , Hom( K|X, Q|X)) = 0.
Proof. It's equivalent to prove
Since the restriction
is injective, it suffices to show that Ω Fi/F ⊗ K ∨ ⊗ Q has no section over q −1 (U E ).
, and by Lemma 5.4, we have
Then every section of (Ω Fi/F ⊗ K ∨ ⊗ Q|X) is zero over q −1 (U E ) and hence over X.
By Claim 5.6, the hypothesis of the Descente-Lemma is satisfied. Hence over the open set Y ⊂ F , we get a subbundle K ′ ⊂ E|Y with
Claim 5.7. K ′ can be extended to a normal subsheaf K = P * K ⊂ E on F .
Proof. Consider the commutative diagram again
From the above diagram, we deduce that
where we omit the lower indices of i X and j Y . To prove the claim, we only need to prove
Because S( Q) is of codimension at least 2 and K is a normal sheaf, we have i * ( K|X) = K. Thus
It's easy to know over the open set V E = p(q −1 (U E )) ⊂ F , the sheaf K is a subbundle of E, which on the line L ⊂ F given by l ∈ U E has the form
Corollary 5.8. Fix some i, where (1 ≤ i ≤ s). Let E be a uniform r-bundle with respect to F i of type
If for some t < r, a t − a t+1 ≥ 1, F i is in Case I 2, F i is in Case II, then we can write E as an extension of uniform bundles with respect to F i .
Proof. By the above Theorem 5.5, there is a uniform bundle K ⊂ E of type a K = (a 1 , · · · , a t ). Then the quotient bundle Q = E/K is uniform of type (a t+1 , · · · , a r ). We have the following exact sequence 0 → K → E → Q → 0.
Let F be a torsion free coherent sheaf of rank r over F . We define the first Chern class of F by c 1 (F ) = c 1 (detF ),
where detF = (∧ r detF ) ∨∨ denotes the determinant bundle of F . Since the singularity set S(F ) of F has codimension at least 2, there are lines L ⊂ F which do not meet S(F ). Let
We set
Definition 5.9. A torsion free coherent sheaf E over F is semistable if for every coherent subsheaf 0 = F ⊂ E, we have µ L (F ) ≤ µ L (E).
Corollary 5.10. Let E be a semistable r-bundle over F . For each i-th irreducible component of manifold of lines in F (1 ≤ i ≤ s), E is of generic splitting type a iE = (a i1 , · · · , a ir ), a i1 ≥ · · · ≥ a ir with respect to F i . Then we have a ij − a ij+1 ≤ 1 for all j = 1, · · · , r − 1.
In particular, if the i-th irreducible component of manifold of lines in F has the form in Case I, then we have a ij 's are constant for all 1 ≤ j ≤ r.
Proof. If for some i-th irreducible component of manifold of lines in F , E is of type a iE = (a i1 , · · · , a ir ) with a it − a it+1 ≥ 2 for some t < r, then we can find a normal sheaf K ⊂ E which is of the form K|L ∼ = ⊕ t j=1 O L (a ij ) over the general line L ⊂ F with respect to F i . Then we have µ L (E) < µ L (K), hence E is not semistable.
In particular, if the i-th irreducible component of manifold of lines in F is in Case I and there is some t < r such that a it = a it+1 , then we could find a normal sheaf K ⊂ E such that µ L (E) < µ L (K), hence E is not semistable. Proof. As similar as the proof in Corollary 2.12 [8] . We know that similar inequality holds and the equality holds if and only if E is a direct sum of line bundles by Corollary 3.5. For our case, if the semistable vector bundle is a direct sum of line bundles, it must be of the form O ⊕r G (a). So we use the inequality after Theorem 2.7 [8] and Corollary 5.10 to get the result.
